Indefinite Integral (Antiderivative)

8. INDEFINITE INTEGRAL (ANTIDERIVATIVE)

.1. Definitions

The main task of differential calculus is to find the derivative
f'(x) or the differential df (x)=f"'(x)dx of the function f(x). The

integral calculus solves the inverse problem — finding the function
F(x) whose derivative is the given function f(x), F'(x)= f(x) or

dF(x) = F'(x)dx = f(x)dx.

The integral calculus are applied in Geometry, Mechanics,
Physics, Techniques and etc.

Definition. The function F(x), x €(a,b) is an antiderivative of

the function f(x) in the interval (a,b) if it is differentiable
Vxe(ab)and F'(x)= f(x) or dF (x)=f(x)dx.

Definition. The set of all antiderivative functions of f(x) in a
given interval (a,b), {F(x)+C}, where C is a constant, is indefinite
integral of f(x) forall x in (a,b) and it is denoted as

J.f(x)dx: F(x)+C.
The symbol j is called integral sign, f(x)- integrand, x -

variable of integration, the symbol dx indicates the variable in which
the antiderivative is taken and C - constant of integration.

Rules of Integration.

(J.fxdx),: f(x),
([ (x)ds)=f (x)ds,

| f dx aj f dx a - constant,
JAG )+f2 ))dx = [ f(x)dcx [ £y (x)dx
..f(x)dx:ZJ‘f X dAx, A- constant,
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jf dx = jf d(x+A4), A- constant,
If = +C:>If(u(x))du(x)zF(u(x))+C,

where u(x) is a differentiable function.

General Rules of Integration.
d([ f(u)du)=
..dF(u):F(u)+C
:af(u du—aJ.f
[(A () 1y (u))due = jfl Vdu+ [ £, ()

where u Is a differentiable functlon

Rules for Finding the Antiderivatives.

* n+l
(1) Xdx =2 +C,n#-1,
. n+l
(2) e'dx=e"+C,
(3) e =2 +C,a #1,
. Ina
(4) @=ln|x|+C,
J x
5) sinxdx=—-cosx+C,
(6) cos xdx =sinx+C,
[ d T
(7) > :tgx+C,x¢(2k+l)E,
J cos“x
(8) .dyzc =—ctgx+C,x#kr,
J sin®x
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tgxdx = —ln|cosx| +C,x # (2k +1) >

T
1

ctgxdx = ln|sinx| +C,x#kr,

(1 a+x
—In +C,a#0
dx 2a |la—x
2 2:4 '
a” —x 1 X
—arctg—+C, |x|<a
La a
(1 X —
—In +C,a#0
dx  |2a |x+a
x? —a? 1 X
—arccotg—+C, |x|>a
a a
dx 1 X
PR =—arctg—+C, a#0,
x“+a a a
dx
— =In x+\/x2ia2 + C, |x|>|a|,
x“ta

chxdx = shx+ C,

shxdx =chx + C,

dx

2
a —X

X a
x2 +a2dx:§\/x2 +a° +7ln

2
a —X

= arcsin£+ C, |x| < |a| ,
2

2 dx =

a

2

2

a

x+\/x2 +aq°
X a X
E\/a2 —x? +7arcsm—+C.

+C,
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Maple commands.
>int(f,x);
> Int(f,x);
where T is integrand, x - variable of integration.

Checking of the results from Jz=1nt(F,Xx) is with command:
>diff(J3,x);

2. Integration by Formulae

There exist many integration formulae. We will use (1)+(19) and
also the rules for integrations and the rules for finding of the
antiderivatives.

The integral

jf(x).g'(x)dx
Is denoted very often as
J.f(x).dg(x).
This process is carrying out of the function g'(x) under
differential.

Example. Evaluate the integral
Jy = J.(x4 +12x° —3x+5)dx.

Mathematical Solution. From formula (1):
J, = J.x4dx +12J‘x3dx —Bdex + 5_[dx =

)C5 x4 2 5 2

AR PN S SO TR W . S )
5 4 2 5 2

Solution with Maple.
>I[1] :=1nt(X™M+12*X"N3-3*X+5,X) ;
5 2

Jy A Y ol
5 2
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5 2
The results is: J; + C, i.e. %+3x4 —3%+5+C.

It is better to use .
>I[1] :=Int(X™M+12*xX"3-3*x+5,X) =
INt(XM+12*xX"N3-3*x+5,X) ;
5 2
Jy = J(x4 +12x° —3x+5)dx =2 3t —3i+5.
5 2

Checking:
>diff(J[1].%);

x* +12x% —3x+5.

Example. Evaluate the integral
J, = I4Sin3 x.cos xdx

Mathematical Solution. From (1) and the rules

. 4
J, = 4jsin3 x.(cosﬁ)k = 4jsin3 xd sinx = 4.@ =
—sin*x+C.

Solution with Maple.

>J[2] :=Int(4*sin(xX)"3*cos(X) ,X)=

Int(4d*sin(x)”"3*cos(x),x);;

J, = J4Sil’l3 X.cos xdx = Sin(x)4

Example. Evaluate the integral

dx
V1-8x2

Mathematical Solution. From (17) and the rules

2\/_ j\/ d2N2 = \/4— arcsin(Z\/Ex) +C

Solutions with Maple.
>I[1]:=Int(1/sqgrt(1-8*x"2) ,Xx)=
Int(1/sqrt(1-8*x"2),x);

11:
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dx \/E
= arcsin 2\/§x)
\1-8x? 4 (

Example. Evaluate the integral

1+ cos® x

cos X

Mathematical Solution. From (7) and the rules

IZ:I( 12 +1jdx=j 12 dx+j1dx=tgx+x+C.
cos” x cos” x

Solutions with Maple.
>1[2] :=int((1+cos(xX)"2)/(cos(xX)2),X);

B Sin(x)

cos(x)

Example. Evaluate the integral

2xsin’ x + cos® x
13 =

Sin2 X

dx,

Mathematical Solution. From (1), (8) and the rules
13:‘[ 2xsm x COS X dx = ZJde+j1 Sll’l x
Sln X Sll’l X Sll’l X
2
:2x_+j dx—Jldx x° —cotgx—x+C.
2 sin® x

Solutions with Maple.
>1[3]::=1int((2*x*sin(X)"2+cos(x)"2)/
sin(xX)"2,x);

I3 = X2 —cotg(x) —X

Example. Evaluate the integral

7 :j dx
* (arcsinx)2 V1-x? |
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Mathematical Solution. From (1), (17) and the rules

1, = j (arcsinx)z( Jl%c/zpz

= j(arcsin x)_2 darcsinx =—

1

arcsinx

+C.

Solutions with Maple.
>1[4] :=int(1/(arcsin(x)"2*sqrt(1-x"2)),X);

1

arcsin (x)

Example. Evaluate the integral

I :J'\/lnxdx’
X
Mathematical Solution. From (4), (1) and the rules
N\ 3
1 1
Is = | (Inx)2 1 dx = (lnx)zdlnx:M+C=
5 ¥ §
2
2Inx~Inx
=—+C.

3
Solutions with Maple.
>I[5]:=int(sqrt(In(X))/x,X);

3
I = %Zn(x)z

Example. Evaluate the integral
Iy = Iex.sinexdx.

Mathematical Solution. From (5), (1) and the rules

/\
I = Isinex (ex)dxzjsinexdex =—cose" +C
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Solutions with Maple.
>1[6] -=1nt(exp(X)*sin(exp(X)),X);
Iy = —cos(ex)

Example. Evaluate the integral

3
X
15 = dx.
! jx8—2

Mathematical Solution. From (12) and the rules

~

3
I :J‘@dx=lj‘ L dx? =

R
1 x*-2
=8\/§ln o +C.

Solutions with Maple.
SI[7]=Int(XN3/ (X"8-2) ,x)=
INt(x"3/(x"8-2),x);

2?1, = | 3 v /)

X8—

Evaluate the integrals:

(1) (3x 4+ 3% )dx,
T s dx

(2) Sinx ’
J COS2 X
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dx
(x+l)x/; ,
" xdx

1+x*

dx
2Jx(4-x)
[ sinxcosx

1+ sin’ x

Sin(3 - 2x)dx ,

dx,

tgxdx,

C1+Inx

dx,
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- 1
(18) (1+ x° )2 dx,
(19) 2x —~arcsinx dx.
o ‘\/1—)(?2
2 2
(20) \/1 X +\/1+x dr.
° \/1—X4
C1+Inx
. X

" xdx
1 :
@) J1+x?
(2) ec"s2 * sin2xdx
[ dx
3 :
) J x? —4x+13
() de |
JV-x?-2x+8
[ dx
5 :
®) J x.cos2(1+lnx)
(6) { (x—7)2dx,
(7) cos 3xdx.

10
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1. Write the definitions of indefinite integral.
2. Write the rules for integration.
3. Write the rules for finding antiderivatives that you know.

4. Explain the meaning of the Maple commands: 1nt(f,x),
Int(f,x), diff(f,x). Show anexample.
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